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^ ' Abstract 

U' . . 

In this paper we establish some general results on local behavior of holo- 
morphic functions along complex submanifolds of C^. As a corollary, we 
present multi-dimensional generalizations of an important result of Coman 
and Poletsky on Bernstein type inequalities on transcendental curves in C^. 



cn 

1. Formulation of the Main Result 

^ ' 1.1. In this paper we establish some general results on restrictions of holomorphic 

functions to complex submanifolds of C^. The subject pertains to the area of the, 
Q ■ so-called, polynomial inequalities for analytic and plurisubharmonic functions that 

! includes, in particular, Bernstein, Markov and Remez type inequalities. Recently 

there has been a considerable interest in such inequalities in connection with various 
problems of analysis. Let us recall that the classical univariate inequalities for 
^ ' polynomials have appeared in approximation theory and for a long time have been 

■ considered as technical tools for proofs of Bernstein type inverse theorems. At 

the present time polynomial type inequalities have been found a lot of important 
applications in areas which are well apart from approximation theory. We will only 
briefly mention several of these areas. 

The papers [GM], [Bou] and [KLS] apply polynomial inequalities with different 
integral norms to study some problems of Convex Geometry (in particular, the 
famous Slice Problem). 

In the papers [Bl], [B2], [BB], [G], [P] and [PP] and books [DS] and [JW] 
Chebyshev-Bernstein and related Markov type inequalities are used to explore a 
wide range of properties of the classical spaces of smooth functions including Sobolev 
type embeddings and trace theorems, extensions and differentiability. 
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The papers [FNl] and [FN2] on Bernstein type inequalities for traces of polyno- 
mials to algebraic varieties were inspired by and would have important applications 
to some basic problems of the theory of subelliptic differential equations. 

The paper [BLMT] discovers a profound relation between the exponents in the 
tangential Markov inequalities for restrictions of polynomials to a smooth manifold 
M C and the property of M to be an algebraic manifold. 

An application of polynomial inequalities to Cartwright type theorems for entire 
functions is presented in [Brl] and [Br2], see also [LL], [Lo], [K]. 

In [Tl], [T2] Bernstein type inequalities are used to obtain new results in tran- 
scendental number theory. 

Finally, we mention applications of polynomial inequalities to the second part of 
Hubert's sixteenth problem concerning the number of limit cycles of planar polyno- 
mial vector fields, see [I], [RY], [Br3] and [Br4]. 

In [CP] Coman and Poletsky obtained an important result on Bernstein type 
inequalities for restrictions of holomorphic polynomials to certain transcendental 
curves in C^. The main purpose of our paper is to present a general approach to 
such kind of inequalities. As an application, we obtain multi-dimensional general- 
izations of the result of [CP] . 

1.2. In what follows by W^{zq) C C" we denote the open Euclidean ball of ra- 
dius r centered at zq. We set 

B;?:=BP(0), B":=B^, D,(^o) := BJ(^o), := BJ, D := B^ 

By S and dS we denote the closure and the boundary of 5" C C". 
For a continuous function / : B"(2;o) — C we define 

Mf{r,zo):= sup |/|, m/(r, 2:0) := In M/(r, 2:0) ■ 

If ^0 = we set Mf{r) := M/(r, 0), mf{r) := m/(r, 0). 

Next, by we denote the family of complex fines I C C" passing through the 
origin. For each I E Cn we naturally identify / fl B^ with D^. 

The main result of the paper (Theorem 1.2) consists of two inequalities that 
express in a quantitative way the following simple fact. 

Let f be a nonconstant holomorphic function in B" and g be a holomorphic 
function in the domain Q := B" x ©^^/(r) C C"''"-'^. Suppose that 

(1) There exist a complex line I G Cn, a vector (0, f ) G C"+^, f G C, and a positive 
number N E N such that the affine line l{v) :— I + (0, v) intersects the graph 
Ff :— {{z, f{z)) G C"+^ : z G B"} transversely in at least N points; 

(2) The univariate holomorphic function g\i{y)r\VL 'is nonconstant and has less than 
N zeros. 

Then the restriction g\Yf is not identically zero. 

As a corollary of Theorem 1.2 we obtain Bernstein, Markov, Remez and Jensen 
type inequalities for g'|r/, see section 2.1. Also, for / being a nonpolynomial entire 



2 



function on C" our result leads to a generalization of one of the main results of [CP] , 
see section 2.2. 

To give the precise formulation of the result we introduce some notations. 

Assume that / : D,.(-2o) ^ C is holomorphic. By nf{r, Zq) we denote the number 
of zeros of / in ©^(-Zo)- (We write n/(r, Zq) — — oo if / = 0.) Then the valency of / 
in Dr(^o) is defined by 

Vf{r,Zo) := snpnf+cir,Zo). 

ceC 

Also, the Bernstein index 6/ of / is given by the formula 

bf{r, Zq) ■= sup{m/(es, z) — mf{s, z)} 

where the supremum is taken over all Des(2;) CC Dr(^o)- (If / = we assume that 
6/(r,^o) = 0.) 

Let us mention that the values of n/, Vf and 6/ are finite for a nonzero / defined 
in a neighbourhood of the closure of ©^(-^^o)- We set for brevity 

%(^) := 0), Vf{r) := Vf{r, 0), 6/(r) := 6/(r, 0). 

1.3. We are ready to formulate the main result of the paper. 

Suppose that / is a holomorphic function in B",., r>0, l<t<9, satisfying 

Mf{r/t)>Mi, Mf{tr)<M2 and Rf{r,t,f)>t (1.1) 

where 

(The last inequality in (1.1) is valid, e.g., if /(O) = 0.) 
For every I e Cn we set 

fi /knB^^ 

and determine positive numbers Vf{r,t) and Nf{r,t) by the formulas 

Vf{r,t) mi{vf^{r/Vt) : fi ^ ccmst}, (1.3) 



Nf{r,t) : = 



Vf{r/ \/t) if n = 1 



[lA) 



where 

MM):^.n(^). (.5, 
In Lemma 6.1 we show that if n = 1, then 

— // ' ' < Vf{r/Vt) for each s e [t, oo). 

/v( S j 
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This, in particular, implies that 

inf < < sup Vf^{r/Vi). 

i I 

Let g he & holomorphic function in the domain B",. x D3M2 C C""*"^. For every 
I & Cn we determine 

gi - g\n, where Qi := (/ n M^) x DgM^- (1-6) 

Definition 1.1 We say that the function g belongs to the class J-'p^q{r;t; M2) for 
some p,q > if 

^gi{-,w)itr) < eP ■ Mg^(^.^^){r) for all I e Cn, w e ©3M2 and 

(1.7) 

&g(^,)(3M2) < q for all z e BJ^. 

Set 

gf{z):^g{z,f{z)), z eM^. (1.8) 

(This function is the restriction of g to the graph C C""*"^ of /.) 
Our main result is 



Theorem 1.2 Assume that 



p<\n(^yNfir,t). (1.9) 



Then there are positive constants ai(i), a2{t) such that for any g e J'p,q{'r] t; M2) 

w 

Ml 



-P l^l<('^^V^''''"'''M,,(r), (1.10) 



where 



^9sM<\^-^^ M,^{r) (1.11) 

300(v/t + l)t3/^ 36(Vt + 1)^ + 162 In (jg|) 
aiW<^^3T)^' U;^3Tji ■ (1-12) 

Remark 1.3 (A) As we will sec from the proof inequality (1.9) guarantees the 
fulfillment of conditions (1), (2) of the statement formulated in section 1.2. 
(B) A similar to Theorem 1.2 result is vahd for / satisfying Rf{r,t,t'^) < t. In 
this case the function f :— f — /(O) satisfies (1.1) with Mi := Mjir/t) and M2 := 

Mj{tr). Thus if g is such that g e J^p,q{r\ t; Mj{tr)) with p < In (i^) Nj{r, t), where 
g{z, w) := g{z, w + /(O)), {z, w) e B^^ x BsMfitr), then (since gj = gf) 



'ai{t)Mj{tr)y''^'^^P+'^ 
Mf{r-/t) I 



sup 1^1 < I -TTTZTI^j M,f{r), (1.13) 

/ai(t)M.(tr)\"^(*)(^+'') 
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The proof of Theorem 1.2 is based on Cartan type inequahties for univariate 
holomorphic functions along with some geometric arguments. It is presented in 
sections 4-6. In the next section we formulate several corollaries of Theorem 1.2 
illustrated by some examples. 



2. Applications and Examples 

2.1. We set 

c(Mi, M„ t) := a,{t) ■ In (^^^j ■ (2.1) 

As a corollary of inequality (1.11) we obtain the following inequalities. 

(1) {Bernstein type inequality) 

ln(|^^) <c(Mi,M2,t)(p + g), 0<s<r. (2.2) 

(2) {Markov type inequality) 

There is a constant ci{t) > such that 



c^{t)c{M„M2,t)(p + q) 

J^D,{gf){s) < ^W'fl/lSj, 



(2.3) 



< s < r, w e C", ||w|| = 1. 
Here || • || is the Z2-norm on C" and is the derivative in the direction v. 
(3) {Remez type inequality) 



Consider the function $(a;) := x + ^/x^ — 1, |a;| > 1. Then there is a constant 
c^it) > such that 

In M,^{s; z) < c,{t) c{M^, M„ t){p + q) In U ( ]^ ^!^ ) ) + 

(2.4) 

8n' 



supln|c//| < C2{t)c{Mi,M2, t){p + q) In [ — ) +supln|c//| 



for every Lebesgue measurable u; C B^(2;) with A X2^^(n^{z)) every ball 
B"(2;) C B" (here is the Lebesgue measure on C"). 



(4) {Jensen type inequality) 
If n = 1 , then 



< ^'^^y^"' . (2.5) 
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Remark 2.1 It is well known how to derive inequalities (2.2)-(2.5) from (1.11). 
For instance, (2.2) and (2.3) are obtained by means of the Hadamard three circle 
inequality, see (3.1), and the Cauchy integral formula for holomorphic functions 
(see section 3). Inequality (2.5) is obtained by the Jensen type inequality for the 
number of zeros of a holomorphic function proved in [VP] (see (3.5)). Finally, to get 
inequality (2.4) one repeats literally the arguments of the proof of Theorem 1.2 of 
[Br5] replacing inequalities (2.31) and (2.26) of [Br5] by their sharp forms presented 
in [BG], see there Lemmas 3 and 1. 

Example 2.2 Assume that / is a holomorphic homogeneous polynomial on C" of 
degree d > 1. Then / clearly satisfies conditions (1.1) for each r with t = 9 and 
Ml := M/(r/9), Ms := M/(9r). Now, according to (2.1), (1.12) and (1.4) we have 
for some Ci < 87, C2 < 510, 

c(Mi, M2, 9) < ci ln(c2 • (81)'^) and Nf{r, 9) = d. (2.6) 

Then for a function g e ^p,q{r; 9; M2) with p < ln(5/3) • d Theorem 1.2 implies 

sup 1^1 < (81)'^('^+')(f+'')M (r), M (9r) < (81)^'(''+')(^+«)M (r). (2.7) 

B!?xDm2 

In particular, if is a holomorphic polynomial of degrees /c in z G C" and I in w E C, 
then by the classical Bernstein inequality we have g e J^p,q{r; 9; M2) with p :— kin 9, 
q :— I. In this case inequalities (2.7) are valid for all k < d < |d. 

The last estimate is sharp up to an absolute factor. Indeed, for a univariate 
holomorphic polynomial h of degree / — I, the polynomial g{z, w) := (w — f{z))h{w) 
of degree d va. z belongs to the class J-'p^g{r;9; M2) with p = dln9, q = I. Since 
gf = 0, it does not satisfy the first inequahty in (2.7). Thus inequalities (2.7) hold 
for all polynomials of degrees k in z and I in w , ii k < d. 

Next, for the class Td,d{r] 9; M2) we determine the constant 7d(r; M2) by the 
formula 

7d(r;M2):= sup \ sup In - In M (r) i (2.8) 

9e.Fd,d(r;9;M2) [B^xDms J 

where the supremum is taken over all g ^ 0. 

Observe that the polynomial g{z, w) := w'^ G J-'d,d{r; 9; M2) and satisfies 

sup 1^1 :=(M/(9r))'' = 9'''M5,(r). 

This and (2.7) imply that 

In 9 ■ < 7d(r; M2) < 348 In 9 • (rf + 2)d. (2.9) 

Thus in the case p = q = d the logarithm of the constant in (2.7) up to an 
absolute factor coincides with the optimal constant 7(i(r; M2). 
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One can also obtain analogs of inequalities (1.10), (1-11) for restrictions of holo- 
morphic functions to complex submanifolds of of codimension > 2. However, in 
general the application of Theorem 1.2 requires some additional conditions imposed 
on these submanifolds. In this paper we present only the case of complex curves in 
C'^ for which no additional conditions are required. 

Assume that holomorphic functions fi on D^^ satisfy conditions (1.1) with bounds 
Mil and Mj2, 1 < i < k. We fix a permutation {ii, . . . , i^} of {1, . . . , A;} such that 



Let ghe a, holomorphic function in the domain D^^ x Ii3Mi2 
Suppose that for some nonnegative p,qi, . . . ,qk and all 1 < i < k 

g{-,Wi,...,Wi_i,-,Wi+i,...,Wk) e J^p,q^{r;t;Mi2) for all Wj e B^Mj^, j 7^ i- (2.11) 



^z):={h{z),...,Mz)) and g^{z) := g{z,^z)), z eB^r- (2.12) 



Next, we determine the sequence of nonnegative numbers Po,Pi, ■ ■ ■ ,Pk by the 
formulas 

Po p and pj := c(M,i, Mj2, t){pj-i + g^J, 1 < J < k, (2.13) 
where c{Mji, Mj2,t) are defined in (2.1). 
Theorem 2.3 Assume that 



Then 

max \g\ < e^'i+-+^"=M„^(r) and M^Jtr) < e^'^M^Jr). (2.14) 

Remark 2.4 Since Nf.{r) := Vf.{r/Vt) > 1 for all 1 < j < k, inequalities (2.14) 
are always valid for functions g with sufficiently small p,qQ, . . . , Qk-i- 

2.2. In [CP] Coman and Poletsky obtained an important result on polynomial type 
inequalities for restrictions of holomorphic polynomials to certain transcendental 
curves in C^. In this part we establish some multi-dimensional generalizations of 
their result that can be considered as corollaries of Theorem 1.2. 
Let us recall that an entire function / on is of order p > if 



Nf,^{r,t)<NfJr,t)<---<Nf^^{r,t). 



(2.10) 



We set 




for all < j < A; - 1. 



p = lim sup 




(2.15) 



1 — >oo 



Inr 



If p < oo, then / is called of finite order. 
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The following result was proved in [CP, Theorem 1.1]: 

Theorem. For any entire function f on C of finite order p > 0, there exist se- 
quences {rij} C N convergent to oo and {ej} C 1R+ convergent to such that for 
every holomorphic polynomial g on of degree rij one has 



sup 1^1 < e^^^i°"W,^(l), M,,(r) < e^^"^ '"'■M,^(l), 1 < r < -n^-'^ (2.16) 



For every r > 1 there exists an integer jr such that if j > jr, then 

%,(r)<C3n^-, -^^^<^ ^ M(,,y(r) <C4n^.^— . (2.17) 

Moreover, all the constants are effectively computed and depend only on p. 

The proof of this theorem is based on the Ahlfors theory of coverings surfaces 
and certain results of Dufresnoy along with Cartan type estimates. 
Let us present a multi-dimensional generalization of this result. 

Theorem 2.5 Let f be a nonpolynomial entire function on C" of order p. Then 
there exist sequences {%}, {vj} C M+ convergent to oo and {tj} C M+ convergent 
to such that for every function g e Tp^q{erj;e;Mf[e'^rj)) with p < Uj and every 
1 < r < r J the following inequalities hold: 

(a) sup 1^1 < 6^""^'' ^"'■^ "^^"^^'^^71^5,(1); 

B"xD 

(h) Mg^{r) < e^'^'T' i-''"^^^f'''>Mg^(l); 
^ ^ M,,(r) 

M ir) 

(d) Mo„(,^)(r) < ciCX^'^ niax{p,g}^^, v e C^ ||^;|| = 1; 

I • maxjp, In 

V ^^271 (a;) 

Lebesgue measurable set cu C B"(2;) anc? every ball M'^{z) C B"; 
(f) ^gfi^) < CgCpn]^'' max{p, q} for n=l. 



( e) In Mg^ (s; 2;) < C2Cpnj^^' max{p, q} In ^" ^ + sup In jt// 1 for every 



Here ci < 9, C2 and C3 < 5 are absolute constants and Cp depends on p only. 
Moreover, 

(1) If p < 00, then all ej = and rj > n/^^'^ ^\ j E N, for some sequence 
{e'j} C M+ convergent to 0. Also, Cp < c(ln(p-|- 1) + l)^(p-|- 1)^ for an absolute 
constant c > 0. 
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(2) If < p < oo, then rj < Cpu/^^ ^\ j G N, for a sequence {e'j} C IR+ 

(- \ i/p* 
for an absolute constant c > 0, and 

p^ := min{l,p}. 

(3) If p — OO, then rj :— -^^J^i^j j E N, for some sequence {e"} C M+ 
convergent to 0, and Coo — 1- 

Remark 2.6 In the case p = oo we prove that Inr^ < n^^ for some {6j} C M+ 
convergent to 0, see (8.36), (8.37). Thus one can replace n^'^'^^ Inrj in inequality (a) 
by nj^^-' for some {ij} C M+ convergent to 0. 

Example 2.7 (A) If is a holomorphic polynomial of degree < Uj on C""*"^, then by 
the classical Bernstein inequality g G J-p^q{erj;e;Mf{e'^rj)) with p — q < Uj. Thus 
Theorem 2.5 can be applied to such g. 

(B) Let / be an entire function on C" of order 1 < p < oo and g be an exponential 
polynomial on C"+^, that is, 

m 

g{z,w) = ^pj(^,w)e'^(^'"'), {z,w) G C" x C, 

where pj is a holomorphic polynomial on C""*"^ of degree dj and Ij is a complex linear 
functional on C"^^ of i2-norm Vj, 1 < j < m. 
The expression 

rn 

m{g) :^^{l + dj) 
i=i 

is called the degree of g. Also, the exponential type of g is defined by the formula 

^9) — max Vj. 

l<j<m 

Next, let / G Cn be a complex line passing through the origin. We naturally 
identify it with C and define the exponential polynomial gi on <C x C hj the formula 

gi{z,w) -.^ g{z,w), z E I. (2.18) 

Then by [VP, page 27, formula (21)] with S* :— e^rj, S :— erj we obtain 

M,,(.,^)(e2r,) < e"^(^)+2-'^(^)^^M,,(.,^)(er,) for all w e C. (2.19) 

Similarly, by the same formula we have 

6g;(;,,.)(3M/(eV^)) < m{g) + 6e{g)Mf{e'^rj) for all z e I. (2.20) 

Therefore, g G J-'p^q{erj;e;Mf{e'^rj)) with p :— m{g) + 2e^e{g)rj < m{g) + 

2e'^Cpe{g)nJ^^ and q :— m{g) + Qe{(j)Mf{e^rj), see Definition 1.1. Since p > 1, 
for all sufficiently large j we have p < Uj. Hence for such j we can apply Theorem 
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2.5. Also, observe that 2e^rj < 6Mf{e^rj) for all sufficiently large j. In particular, 
max{p, q} = q for such j and inequalities of Theorem 2.5 are valid with maxjp, q} 

substituted for m(5f)+6e(5')M/(e^Cpnj- ^ ) < m{g)+e{g)e"'^ for some {ej} C IR+ 
convergent to 0. 

Suppose now that the functional Ij in the definition of g do not depend on w. 
Thus, for a fixed z G C", the function g{z, ■) is a polynomial of degree < d :— 
maxi<j<^(ij. In particular, instead of (2.20) we have in this case 

bgd^,-pMf{e'rj)) < d. (2.21) 



Therefore for all sufficiently large j inequalities of Theorem 2.5 are valid with 
max{p, q} substituted for m{g) + 2e'^Cpe{g)n/^'^ 



Now, let us formulate some conditions under which inequalities of Theorem 2.5 
are valid for all sufficiently large nj and rj. 

For a nonconstant entire function / on C" of order p we set 

(l)f{t) :^mf{e^), t eR. 

Then (pf is a convex increasing function, and so the derivative 0^ exists and is 
continuous outside a countable set 5" C R. Also, is a positive nondecreasing 
function on R \ 5" having singularities of the first kind at the points of S. We extend 
(f)'f to S by the formula 



and call the extended function the derivative of 0/ on M. 
Theorem 2.8 Assume that f satisfies one of the following conditions 
(I) Ifp<oo, 

mf(e°'pr) — mf(e °'pr) + pe^^ 
lim sup ■' , — r-^^-^^ — -i—h. — -s — < ^4 < oo 

where ap :— min{l,ln(l + 1/p)}. 
(II)Ifp = oo, 

lim t^ ( ^-^] - 0. 



Then there exist numbers ko,ro > I, a continuous increasing to oo function r : 
[ko,oo) — > [ro,oo) and a continuous function e : [kQ,oo) —>■ M+ decreasing to as 
A; — > oo such that for each k > ko, r{k) > ro, every g e J^p^q{er{k); e; Mf{e^r{k))) 
with p < k and every 1 < r < r{k) the following inequalities hold: 

(a) sup 1^1 < e^'='+^^'='''^'-W-^fe«}Mg.(l); 



B"xl 
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(b) Mg^{r) < e^k^+'^''^lnrraa.{p,q}j^^^^-^y^ 

M (r) 

(d) Mn^^g,){r) < c,Ck'+<'^max{p,q}^^, v e C", ||^;|| = 1; 

(8A flB"') \ 
^ I + suplnlgi/l for every 



Lebesgue measurable set uj C B"(2;) and every ball B"(2;) C 

(f) ng^(r) < csCfc^"''^^''^ max{p, g} for n = l. 

Here Ci < 9, C2 and C3 < 5 are absolute constants, for p < 00 the constant C depends 
on A, p only and C = 1 for p = 00. 
Moreover, 

(1) If p < 00, then e = and r{k) > k^/(p+^'(''')\ k > ko, for some continuous 
function e' : [ko, 00) IR+ decreasing to as k ^ 00. 

(2) IfO < p< 00, then r{k) < ck^'^, k > ko, for some c depending on A, p. 

(3) If p^ 00, then r{k) = ^mj\k^+'"^''^), k > ko, for some continuous function 
e" : [ko,oo) — > R+ decreasing to as k ^ 00. 

Remark 2.9 (A) In the case p = 00 we show that hir{k) < k^^''^ for a continuous 
function S : [ko,oo) — > M+ decreasing to as /c — > 00, see (9.11), (9.12). Thus one 
can replace A;^+^'^'^Mnr(/c) in inequahty (a) by A;^+^('^) for some continuous function 

e : [ko, 00) M+ decreasing to as A; 00. 

(B) As an example of function / satisfying condition (I) one can take, e.g., 

m 

where Pj, qj are holomorphic polynomials on C". (In this case lim^-^oo — = a > 0.) 

(C) As an example of function / satisfying condition (II) one can take, e.g., 

m 

f{z) = e'*(^) where h{z) = Y^Pji^y^'^"^ 

and Pj, Qj are holomorphic polynomials with nonnegative coefficients on C". 
Following [CP] for an entire function / on C" we define 

mk{r,f) := sup{ln M5^(r) : g G Vk,n+i, Mg^{l) < 1}, r > 1. (2.22) 
where 'Pk,n+i is the space of holomorphic polynomials of degree k on C'*"'"^. 
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Next, we introduce the lower order of transcendence of / as 

r(/) = sup |r : liminf ^^^^ > o| , (2.23) 
and the upper order of transcendence of / as 



t(/) = inf (r : hmsup < oo ^ . (2.24) 



If / is a polynomial, then using the Bernstein inequality one can show that 
r(/) = t(/) = 1. In the case n = 1 and / is an entire function of finite positive 
order it was proved in [CP] that r(/) = 2. Also, for each r e [3, oo] there were 
constructed some examples of entire functions / of finite positive order for which 

T - 1 < t(/) < T. 

Now, as a corollary of Theorem 2.5 we obtain the following generalization of the 
above cited result of [CP] . 

Corollary 2.10 If f is a nonpolynomial entire function on C", then 

1 + - < t(/) < 2. 
n 

Remark 2.11 (1) Let us consider the function r [1 + 1/n, 2], / i— >• r(/), 

defined on the set of all nonpolynomial entire functions on C". Since for n = 1 
the lower order of transcendence of any nonpolynomial function is 2, one can easily 
construct entire functions / on C", n > 1, for which r(/) = 2. Thus 2 belongs to 
the image of r. However, we do not know what other numbers from [1 + 2] 
belong to this image. 

(2) If / satisfies conditions of Theorem 2.8, then r(/) = ^(/)- 

In the next section we gather some auxiliary results used in the proof of Theorem 
1.2. Sections 4-9 are devoted to proofs of our results. 

3. Auxiliary Results 

3.1. In our proofs we use the corollary of the classical Hadamard three circle in- 
equality stating that for a holomorphic function h defined on B"^ , r2 > 0, 

Mn{r,) < {Mn{r,)f-\Mn{r,))' , r,<r,<r,, 6 -.^^pf^^. (3.1) 

This shows that if /i ^ 0, then the function 

0/j(t) := m;,(e*), -oo<i<lnr2, 
is convex and nondecreasing. In turn, the latter implies the following inequalities 
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(a) For each < r < r2, 



Mh{rle) - Mh{r2ley 

(b) If r2 > e, then for each 1 < r < r2/e, 

M;,(l) - V M^(r) y 

(c) If 1 < t < e, then 

Mh(r2) ^ ( Mh{r2) 



Mh{r2/e) - \Mh{r2/t)J 

3.2. Wc also use Cartan type inequahtics for univariate holomorphic functions. 

Let / be a nonzero holomorphic function in the disk D^^. Fix positive a, j3 such 
that a < /3 <1. 

Theorem 3.1 Let H be a positive number < j3e and d > 0. Then there is a family 
of open disks {Dj}i<j<k, k < nf{PR), with Y^rj < ^"^^^ where rj is the radius of 
Dj such that 

\2 



MfiPR) 



' Mf{aR) \^^y ( Mfim yi'^) ^ (3 2) 

Mfif3R)) { Mf{R) ) 



MfiPR) 



. Mf{R) J 



for any z e B^r \ UjDj. 



Proof. We first prove the theorem for g{z) :— f{PRz), z e D^, and the disks 
C D C ©5 where 7 := a/P, S := 1//3. 
For z e'B we write 

giz) :=B{z)-h{z) 

where B is the Blaschke product whose zeros are the same as for g (counted with 
their multiplicities) and h has no zeros in D. Let 

z-w 

p{z,w) := — 

1 — wz 
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be the pseudohyperbohc metric in D. Applying to p and log \ B\ the abstract Cartan 
estimates established in [Br6, Theorem 2.3] we have 

Given H > 0, d > there is a family of open p-halls {-Bj}i<j<fe; k < = 
nf{PR), with X^r^ < ^^^p- where rj is the radius ofBj such that for any z e 'B\[JjBj 

\Biz)\ > (-) . (3.3) 

Since each Bi is the subset of the Euclidean disk Di centered at the same point and 
of the same radius, the above inequahty is also vahd for each z e D \ UjDj. 

Next, we have Mf{(3R) = Mh{l) and Mf(aR) = Mg{'y). These identities imply 
that Mft(7) > Mf{aR) and that the function u{z) := -\n\h{z)\ + \nMf{(3R) is 
nonnegative harmonic in D. We will apply to u the classical Harnack inequality. 

Take w = 76*'^ such that M^Ij) = \h{w)\ and let 

G{z) ^ + " 



1 + wz 



be the Mobius transformation of D sending to w. Then Ug{z) := u{G{z)) is a 
nonnegative harmonic function in D and ug{0) < ln[Mf{(3R)/Mf{aR)]. By the 
Harnack inequality we have 



u{0) = ug{-w) < ug{0)- ^ < 



1 + 


\w\ 


1 - 


\w\ 



[Mf{aR))\ [l-^J- 

Applying again the Harnack inequality to u at the points and y such that |y| = 7 
and u{y) = supjj u and using the previous estimate we have 



supti < 



'I + 7V 



Prom here and the definition of u it follows that for any 2; e 



\2 



Combining inequalities (3.3), (3.4) and going back to / we obtain the first inequality 
of (3.2). To obtain the second inequality we use the estimate from [VP, Lemma 1]: 

, / Mf{R) \ 

n,m) < . (3.6) 



Pinally, the third inequality is obtained by the application of the Hadamard three 
circle inequality estimating Mf{[3R) by Mf{R) and Mf{aR) to the second term of 
the second line of (3.2) and by replacing Mf{PR) to Mf{aR) in the third term of 
that line. □ 

Applying Theorem 3.1 to R := tr, (5R := ^/tr and cti? := r, r > 0, 1 < i < 9, 
we obtain 
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Theorem 3.2 Let f be a nonzero holomorphic function in 3tr, r > 0, 1 < t < 9. 
Let H be a positive number < e/ Then there is a family of open disks {Dj}i<j<k, 
k < nf{y/tr), with X^r^ < 2Htr where rj is the radius of Dj such that for each 

\m\>Mf{Vlr)(j^^j (3.6) 

where 

2(t3ip (^-^^ 

and 

- ^AMT ' ■ ' ' 

Proof. Inequality (3.6) follows directly from (3.2) with 

1 fVt + l\^ In 



+ 



ViH 



2 yVi-lJ ln(l±|) 

instead of c(if) defined by (3.7). Here 

fVi+lV iVt + l)^ 



^Vt-iJ (t-i) 



2 



and 



1 _ 1 ^ 1 ^9(Vt+l)- 



(3.9) 



We used that ln(l + x) > fx for < x < |. 

Now, from (3.9) we obtain (3.6) with c{H) given by (3.7) and inequality (3.8). 

□ 

Corollary 3.3 Under the assumptions of Theorem 3.2 there exists a circle Si :— 
{z & C : \z\ — 1} , r / y/i < I < r, such that for each z & Si 



where 

2{t-l 



^ 7^7^^ > 0. (3.11) 



Proof. We apply Theorem 3.2 with H — ^py^. Then the sum of radii of the disks 
Dj is < ^^^^r. In particular, the projection of DjDj onto the radial axis (in polar 
coordinates of C) is an open set of hnear measure < ^^^^r. Therefore this set cannot 
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cover the closed interval {s G M+ : r/\/t < s < r}. This implies that there is a 
circle Si with r/\/t<l<r which does not intersect lijDj. According to (3.6) f\si 
satisfies the required estimate. □ 

3.3. In the proofs we use also the following Markov type inequality. 

Theorem 3.4 Assume that h is a holomorphic function in the ball B"^, R > 0, 
1 < t <9, satisfying for some d>0 

MhitR) < e^Mh^R). (3.12) 

Then 

MdAR) < ^^Mn{R) (3.13) 
where Dy is the derivative in the direction v e C*, ||f || = 1, and 

1 



n{d] t) :- 



if d> 



tin{i+i/d) _ 1 - e - 1 



2d 



(l±i\ 

y/t-1 ~ \2Vi J 



if < d < In 



(3.14) 



(1+t 



if In \ <d< 



t-1 \2y/t ) ~ e-l 

(Observe that In (|^) < ^rj ^'^^^ formula (3.14) is correct.) 

Proof. Without loss of generality we may assume that h is not identically zero. We 

will consider several cases. 

(1) Assume that d > Take x e dB'^ and let I — {x + zv : z E C} be the 
complex line passing through x. We set Ds = B"^ f] I, 1 < s < t. Then Ds G I is 
the disk of radius centered at c G B^ where c is such that h := dist{l,0) = \\c\\ 



and Ts := y (si?)^ — h"^. We will naturally identify Dg with D^^. It is easy to check 
that for all s > g > 1 the following inequalities hold: 

r s 

— > - and Ts — > (s — q)R. (3.15) 

rq q 

We set s :— so that 1 < s <t. Then by means of the Hadamard three 

circle inequality, see (3.1), we obtain 

Mh{sR) < e('^^°^)/(^°*)M;,(i?) = e'^''^(^+^/'^)Mft(i?) < eMh{R). (3.16) 

Consider the function h := h\Dt and the disk D C I centered at x G Di of radius 
(s - 1)R. By (3.15) we have 

ri + (s - 1)R <rs<s. 
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Thus D belongs to Dg C B"^. Now, from the Cauchy integral formula for the 
derivative of h in D by (3.16) we get 

mh){x)\ \h'{x)\ < -^-l^MuisR) < -^-^-^^^^^^—^M,{R). (3.17) 

(2) Suppose now that d < In (^|^) • Let Zh be the zero set of h. We first prove 
Lemma 3.5 Under the above condition H = 0. 

Proof. Assume, on the contrary, that there is y e fl B^^. Take v e such 
that 

\h{v)\ = sup \h\. 



Let / be a complex line passing through v and y. As before we set Dg = B"^ fl / and 
identify it with D^^ with an appropriate definition (see case (1)). Then for the 
function h := h\Dt we have by [VP, Lemma 1] 

" ^ ( W) " ) (^) " ■ 

We used here that Mf^{r^) > Mh{R) (by the choice of I), the function x i-^ In (^^f-) 
is increasing for x > 1 and y/i < see (3.15). 

Thus h has no zeros in D^. This contradicts to the assumption y e Zhf] D^. 

□ 

Continuing the proof of the theorem consider the line / as in the proof of case 
(1). Then according to the lemma the corresponding function h h\D^ has no 
zeros on ^r^- In particular, the holomorphic function g :— \n{h/Mh{R)) is well 
defined there (for some choice of the branch of the logarithm). Also, the function 
g + 'g = \\i \ h / Mh{R)\'^ is harmonic on ©r^- Now from the Cauchy integral formula 
in the disk centered at a; e D^^ of radius {\/t — 1)R we obtain 

._ 1^.(^)1 < ^^Pr^l^ + gl < sup^^ln|/i/M,(i?)p ^ 2d 



\h{x)\ ' {^-1)R - {Vi-1)R ~ {Vi-l)R' 

(Wc used here that ri + {Vi- 1)R < < VtR, see (3.15).) 
This implies 

2d 

\iDM^)\ \h'ix)\ < j^j^—^M,{R). (3.18) 

(3) Finally, assume that In (^|^) < d < Applying to h := h\Dt the Cauchy 
integral formula for a; G -Di C / (with / as in case (1)) we have: 



{DMx)\ := \h'{x)\ < -^^±-^M-^(rt) < J^^^Mn{R) < 



(3.19) 
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M,{R). 



Inequalities (3.17), (3.18), (3.19) imply inequality (3.13). □ 
Remark 3.6 (1) lit^e, then 

2d e^/(^~^)(i 

K(d: e) < max I ed, —= — -, ^ \ < 9d. (3.20) 

^ 'v^-l'(e-l)ln(l±|)^ 



(2) For d > ^ we have by the mean- value inequality for f{x) :— x 

ed 



Int 



tHl+1/d) _ 1 - (1 + l/d)lnt _ 1 ^ ^ 



if t> e 
\nt 

e'd ^ 

if t < e. 



(3.21) 



I tint 



4. A Geometric Result 



4.1. The proof of Theorem 1.2 is based on the following result. 

Let F be a nonconstant holomorphic function in D^, 1 < t < 9, satisfying 

M^{t)<l, M^il/t)>M and > v^- (4-1) 

We set 

N,it) = N,il,t) := v.il/Vl), X{t) f In (^^^^) , 

_ (x/t + l)^ + 18(v/t + l)Mn(^) _ /M(t-l^y«+^ 



(4.2) 



Theorem 4.1 There is a number c G C, |c| < 1, and for each y E C, \y\ < ro(t), 
and s G (0, ro(t)/3] t/iere is Cy^s ^ C, |cj^,s| < s, such that the set of zeros of the 
function F — c — y — Cy^s in ID contains at least NF{t) points with pairwise distances 
qreater than 



This result can be reformulated as follows. 

Let r := {{z^F{z)) G : z E Dt} he the graph of F. There is a number 
c E C, \c\ < 1, such that for each point v = {x, c + y) E B)t x Dro(t)(c) and every 
s E (0, ro{t)/3], there is a point v' — {x,c + y + Cy^g) £ x C, H^;' — I'll < s, such 
that the complex line / := {(2;, w) G : w — c — y — Cy^g = 0}, parallel to the z-axis 
and passing through v' , intersects the graph T over D in at least Npit) points with 
pairwise distances greater than 



In sections 4.2-4.4 we formulate some auxiliary results used in the proof of The- 
orem 4.1. 
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4.2. Applying the Hadamard three circle inequality (3.1) to our function F with 
ro := 1/i^, ri := 1/t and r2 := 1 from (4.1) we obtain 

«^^) >M4im>^,. (4.3) 



Then applying (3.1) with tq := 1/t, ri := 1 and r2 := t from (4.3) we obtain 



1 ^f(0 



We use this estimate to prove 



Lemma 4.2 For F' :— ^ we have 

az 



np'il) < X{t). (4.5) 

Proof. For 2; e D, using the mean- value inequality |-F(^) — F{0)\ < Mf'{1), we 
obtain 

Mpil) > Mpil) - Mpil/t). (4.6) 
Also, by the Cauchy integral formula for F' we get 

MA^t) < sup / < , < ^. (4.7) 

Here Sf_^{z) stands for the boundary of the disk 3^_^{z). 

Finally, we apply the Jensen inequality for the number of zeros of a holomorphic 
function proved in [VP]. Then from (4.6), (4.7), (4.1), (4.3) and (3.9) we obtain 

f MF'iVt) \ ^ 9iVi+l)\ ( 2 \ 

^-{^) ^^''^'^ ) \it-AM,{l)-M,{l/t)))- 

9(v/t + l)^ / 2(v/^+l) \ 

4.3. By the definition of Np{t) there is a number c G C, |c| < Mp{l/ ^/f?), such that 
the function Fc := F — c has Npit) zeros in Dj^^y^. For this function we have 

MpXt) < Mpit) + Mpil/Vi) < 2. (4.8) 

Further, Mp^^) > Mp^il/t) > \c\ - Mpil/t). Assuming, first, that |c| > 
^-^^Mf{1) and using (4.3) we get from here 
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Assume now that |c| < ^Mf(I). Then 

M^^(l) > M^(l) - |c| > ^^I^M^(l) > ^^M^(l/t) > ^^M. 
Thus we have 

MfXI) > (4-9) 
In particular, from (4.8) and (4.9) we obtain 

M^.(t) 4(v/t + l) 

Mp,(l) - M(t-l)- ^ ^ ^ 

From here and the Jensen inequality of [VP] we get (recall that 1 < t < 9) 



(4.11) 



9fVt + l)'. UiVi+l 



1^ =■■ m- 



2(t-l)2 \M{t-l) 



4.4. We will also use Corollary 3.3. According to this corollary for / := Fc and 

r := 1 using (4.9), (4.10) we obtain that 

there is a circle Si with 1/ \/t <l <1 such that 

\F^{z)\ > 2 (^^^)'^ =: 2ro(i) for all z e S^. (4.12) 

4.5. Proof of Theorem 4.1. Let c G C, |c| < 1, be the number introduced in 
section 3.3. We will prove that for each y G C, \y\ < ro{t), and s e (0, ro(t)/3] there 
is Cy^s £ C, Icj^^sl < s, such that the set of zeros of the function F — c — y — Cy^s in ^ 



contains at least Npit) points (see (4.2)) with pairwise distances greater than 

' A(t) 



First, from inequality (4.12) by the Rouche theorem we deduce that 

nF,-a{l) = ripM) > Npit) for all a e C, \a\ < 2ro(t). (4.13) 

This is valid, in particular, for a := y + 6 with |&| < ro{t). 
Let Cp C Fc(B) C C be the set of critical values of Fdu- 

Lemma 4.3 For each s e (0, ro/3] there is Cy^g £ \cy^s\ < s, such that 

dist{y + Cy^s, Cf) > , 

(Observe that by (4.4) and (4.2), > i for 1 < i < 9.) 

Proof. We will assume that Cp 7^ 0- For otherwise, we set Cy^s — 0. 
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By Lemma 4.2 the number of critical points of Fc in D is < \{t). Since Npit) > 1, 
(4.13) implies that Ds(y) C FcCB). In particular, D^^/) (iCp contains < X{t) points. 
Thus there is Cy^s £ I^s such that dist{y + Cy^s, Cp) > —A — • Indeed, for otherwise. 



the closed disks of radius / centered at the points of 'Ds{y) H cover D^d/). 

V Kt) 



Comparing the areas of D^d/) and of this cover we obtain a contradiction: 



TTS^ < X(t) • TT • ^= = TTS^. □ 

Now, by Lemma 4.3 we obtain that Dri(y + Cy,s)nCF = 0, Ti := —^=. Moreover, 



by (4.13) we have D^^dz + Cy^^) C Fc(Bi) because \cy^s\ +ri < 3s < ro(t). Thus from 
(4.13) for X := F-^{Br,{y + c^,,)) n Bi we obtain that F^ : X ^ B^.iy + Cy^s) is a 
proper conformal map and ^{F~^{z) fl D;} is the same for any z e Dnd/ + Cy^s)- 
Hence Fc : X — > Dri(?/ + Cy,s) is an unbranched covering of ^niv + Cy,s) consisting 
of at least Np(t) sheets. In particular, X is biholomorphic to the disjoint union of 
k copies of B)ri{y + Cy^s) where k is the number of sheets of Fc\x- 

We set Y = {yi, . . . ,yk} := F~^{y + Cy^s) H D^. Assume that for some i ^ j v^e 
have \yi — yj\ < (t — l)ri. Then by the mean- value theorem for each z from the 
interval 7 := [yi, yj] we have 

\F,iz) - FM\ < Mp,{l)\yi - %| < ^^{t - l)ri < n. 

Thus Fc{z) e D^id/ + Cy^s)- In particular, Fc(7) C D^^d/ + c^^^) is a closed curve. 
Then since Fc : X ^ ©nd/ + Cy,s) is an unbranched covering, 7 should be a closed 
curve, as well. This contradiction shows that \yi — yj\ > {t — l)ri for all i ^ j. 
The proof of Theorem 4.1 is complete. □ 



5. Proof of Theorem 1.2: Case n = 1 

5.1. First, we will prove Theorem 1.2 for the functions / and g satisfying the 
assumptions of the theorem for n = 1 and such that in (1.1) 

We also set 

M:=^. (5.2) 

Next, we define new functions F and G by the formulas 



i^(^) = ^, ^eE)*, and 
G{z, w) := g{rz, M^w), {z, tw) e D* x D3. 



(5.3) 
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Then F satisfies conditions (4.1) and G satisfies the conditions 

MG(,^)(i) <e*'-MG(,^)(l) for all w eBs; (5.4) 

&G(^, )(3)<g for all zeBt. (5.5) 
Now, we will prove the following version of Theorem 1.2. 

Theorem 5.1 Assume that p < In (|^) • Npit). Then for Gf{z) := G{z,F{z)) 

sup|G|<pi^ Mg,(1) 

BxD \ M J 

where 

_ 500/1+2) 18(Vi + 1)^ + 81 In (jg.) 

(t-lf ■ 0^31)3 • (5-6) 

Going back to the functions / and g and noticing that Gf{z) = gf{rz), z G Dt, 
supBxB 1^1 = supb.xBm^ 1^1, ^^g^(1) = Mgj{r) and Npit) = Nf{r;t) we obtain from 
this theorem inequality (1-10) in the case n = 1. 

5.2. Proof of Theorem 5.1. We retain the notations of section 4.1. Also, without 
loss of generality we may and will assume that G is nonconstant and p.q > 0. 

Let us consider the open set D x Dry(t)(c) C C^. By v — {x, c + y) G D x Dro(t)(c), 
\x\ = 1, \y\ = ro{t), we denote a point such that 

\G{v)\^ sup \G\. 

©xB,^(t)(c) 

We set 

_ ro(t)e-™''^^P'«>/P 

' '-^ mt) ■ ^^-^^ 

(Observe that 126{t) > 12, 1 < t < 9, see (4.11), (4.4). Hence, s < ro(t)/12.) 

Consider the point v' = {x,c + y + Cy^s) with Cy^s as in Theorem 4.1. Then 
v' belongs to the disk {x} x ©ri(c) of radius ri := ro(i) + s. Applying (5.5) to 
h :— G'|{a;}xroe^|j(t)(c) from Hadamard's three circle inequality (see (3.1)) for disks 
centered at {x, c) of radii ro{t), ri and ero(t) (observe that eri < 2, see (4.2), so that 
I^ero(t)(c) C Deri(c) C D3) we obtain that 

sup \h\<(l + -^\ sup \h\. (5.8) 

Also, by Theorem 3.4 and (3.20) with R := ri, t = e we get 

sup \h'\ < — sup \h\. (5.9) 

{a;}xDrj(c) H {a;}xDri(c) 
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Using (5.8) and (5.9) we can estimate |/i('y')| by the mean-value inequality: 
\h{v)\ - \h{v')\ < \h{v) - h{v')\ < sup \h'\-\\v-v'\\< 

{x}xDr^{c) 

9qS / S A',,,,,/ 9q / g-maxfegj/pX <? 



roit) + s\ ro{t) J ' ^ ^' - (e"^{P'«}/p)(12(5(i)) ^ 12(^W 
12o(t) 3o(t) 

(We used here the following inequalities: 5{t) > Npit) > /l^^\ P ^ (y|^)2 P ^ fP) 



In 



2Vt 



1 < t < 9, see (4.11), max{p, q}/p> 1 and a;e ^ < e ^ for a; > 1.) Hence 

\h{v')\ > (l - ^yh{v)\. (5.10) 

Next, let us consider the line / := {(-2,^) e : w — c — y — Cy^g = 0}. 
Then / passes through v' and according to Theorem 4.1 intersects the graph F = 
{{z,F{z)) : z G D} in a set F containing at least Npit) points with pairwise 
distances greater than ^^ti^. For i? > we set 



Ir := {(^,'w;) e Z : \z\< R}. 

We naturally identify Ir with disk ED^. Now let us apply Theorem 3.2 to the uni- 
variate function o; := Gli with r — 1, H :— ^^^^iL. According to this theorem 



and inequality (3.8) in the disk li outside the union of open disks {Dj}i<j<k C 
k < 1^ s • p, with the sum of radii Y2-^ n < '^Ht < 

\gi{z)\ > M,,{1) [j^) > M,,(l)e-(^)^ (5.11) 

where 

<H) := <"^' 

Remcirk 5.2 We single out that the inequality for k is strict. Indeed, if gi = const, 
then A; = and the conclusion is obvious because p > 0. li gi ^ const, then 
according to (3.8) 



k < ^ < < 
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Now, by the definition of H we liave, see (4.2), (4.11), 



l_ ^ At^Xjt) ^ m5{t)^\it) / 4(V^+1) \ 
H'~s{t-1)~ t-1 \M{t-l)) 



7(t)+l 



e 



max{p,g}/p 



6m{Vi+if ( AjVi + i) y^'^^\ / 4(Vt + i) \ . 

(t-l)^ [M{t-1)) ''[M{t-l))\''[M{t-l) 



In ( ^t^idll^^ . gmax{p,g}/p 



648t(v/t + l)3 / 32(v/t + l) y^^^^^ / 32(v/t+l) y^^^"^ ,,,,,, 

(t-l)4 \M{t-iyj \M{t-iyj 

(We used here that > 10, 1 < t < 9, see (4.4), Inx < for x > 10 and 

Inx < X for all x > 1.) 
Hence, see (4.2), 

e^(-) = ^^^^^ 

,..._M+ir (v^+ir + 18(v/^+l)-ln(^) ^5_i3) 

"^^^^ - 2(^-1)2' 2(r^^ 

._ 9{Vi+ir 
«3(^) - ■ 

Since by our assumption p < In • Npit), there exists a point a e Y such 

that a ^ ^jDj. Actually, by our choice of H and the definition of Y we obtain that 
every Dj can contain at most one point of Y. But > Np{t) and the number 

of the disks k < / . ■p<NF{t). This gives the required result. 

Prom (5.11) we obtain 

sup \GFiz)\ > \gi{a)\ > M,,(l)e-'^(^)f . (5.14) 

Using that M,,(l) > \h{v% ci^it) > 10, a3(t) > 1, |§ < 1, and < ^, 5(t) > 1 
for 1 < t < 9, we obtain directly from (5.14), (5.13) and (5.10) by the choice of v: 

c{H)p 

(6.16) 

^,sit), f 50(Vt+l) \ 

l^M(t-l)2y ^^^GA^)- 



(We also used the inequality — ln(l — s) < ^s, < s < ^, applied to s :— gf^-) 
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Finally let us consider the polydisk D := D x D2(c). Since |c| < 1, D x D C C 
D X D3. Then from the fact that the Bernstein index of G over vertical disks in D 
is < we easily obtain 

sup |G|<e'' sup |G|, J = 0,l,...,Lln(2/ro(t))J. 

»xB2.^_,(c) DxB2.^_,_i(c) 

Prom here, (4.2) and (5.15) we deduce that 

/a( /7 _l n \ '^^WCp+q) 

BxB DxB^(,(t)(c) \ / 

where 

50(Vt+l) 18(x/t + 1)^ + 81 In (jg^) 
ci(^) ^^3Tj^, c.(t):= ^^^-^^^ . (5.17) 

(We used that a^it) + 2 < ^{t) + 1 and max{7(t) + 1,02(^)03(^)1 < C2(t) for 
1 < t < 9.) 

The proof of Theorem 5.1 is complete. □ 



6. Proof of Theorem 1.2: Case n >2 

6.1. In the proof we use the following estimate. 

Lemma 6.1 Let h be a nonconstant holomorphic function in the diskBij^^^, R> 0, 
t > 1. Then for each s e [t, oo), 

v,{R/Vt) > max 1-1^ In ( , l| 

where 

, , , , / 8e^\sVt \ 
k[t, s) := m 



iVt-iyJ- 

Proof. We make use of the following result proved in [JO]: 

Let h{z) = J2kLo ^kZ^ ap-valent holomorphic function in the diskB)si) l^p{si) — 
maxo<fc<p |ofc|s^ and < S2 < Si- Then 

Mn{s2) < A{p)fip{s,){l - S2/s,)-^P 

where A{p) = {p + 2)2^P-^eP''^+^^ . 

Applying this result to a function /?. with si = i?/^/t, S2 = R/t and p = Vh{R/ y/i) 
from the Cauchy inequality for coefficients of the Taylor series of h we obtain 



(6.1) 
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Apply now (6.1) to the functions /i^, k eN. Since 
v^,{R/Vi) < kp, M^u{R/t) = {Mn{R/t))\ M^u{R/s) = {Mn{Rls))\ 
inequality (6.1) in this case implies 

M,{R/t) < [lunJAikp)Y/^) ((^37)^)'^'^^^/^^ ^ iw^j 

This gives the required inequality. □ 

6.2. Let / and g satisfy conditions of Theorem 1.2 for n > 2. As in section 
5.2 we will assume without loss of generality that r = 1, Mi = M and M2 = 1. 

By ly e Cji we denote the complex line {vz e C"' : z E C, v E C", II^H = 1}. 
We set 

fy{z) := f{vz), gy{z, w) := g{vz, w), z eBt, w e D3. (6.2) 

(In notations of section 1.3 fy :— fi^ and g^ :— gi^.) According to assumptions of 
Theorem 1.2, every g^ e JT^ ,(1; t; 1) with p < In (i±i) Nf{l, t). 
Let e C^, \ — 1, be such that 

Mf{l/t)=Mf^S^/t). (6.3) 

Lemma 6.2 Suppose that 

(v^-l)lnt , 
" *ii - ' ■ 9ev^max{t,ln(l/M)}' ^'^ 

T/ien 

MfSys)<Mj{lls), 5e[t,oo), M^„(l/t) > i=MKl/t) > i=M. 
Observe that from condition (1.1) similarly to inequahty (4.4) we deduce 

-L><^. (6.5) 

Proof. The first inequality is obvious. So, let us prove the second one. 
Due to inequalities (3.13), (3.21) we have (recall that 1 < t < 9) 

9e 

MD,f{l/t) < — maxO,ln(l/M)}M/(l/i) for all s e C", ||s|| = 1. (6.6) 
Prom (6.6) by the mean-value inequality we get for \z\ < 1/t, 

\fv{z)-f.M\ < —me.x{tM{l/M)}Mf{l/t)\\v-v.\\ < X__M^(l/t). 
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This and (6.3) imply the required inequahty of the lemma: 

M;„(l/t)>i=M;(l/t)>i=M. □ 
Thus for each v satisfying (6.4) we get from Lemmas 6.1, 6.2 (see (1.3), (1.4)): 

A^/.(l,*):=^/.(lM)>niax( sup j^^^^T^l W, ^)| > 

[se[t,oo) [ k[t,s) J J 

Inequalities (6.7), (6.8) show that we can apply to the functions /„ and e 
J^p^q{l]t] 1), p < In (^) ■ Nf{l, t), the inequality of Theorem 1.2 for n = 1 (proved 
in section 4) with Mi := -^M, M2 :— 1. Then we obtain 

Proposition 6.3 For v satisfying (6.4) and {gf)v '■= gv{z,fy{z)) the inequality 

DxD V / 

holds with ci(t),C2(t) defined by (5.6). □ 

Let C B" be the convex body determined by the formula 

ir:={zi;eB" : (z,f;)eCxC", \z\ < 1, ||'y|| = l, \\v-v^\\<-f}. (6.9) 

Then from Proposition 6.3 we obtain the following statement: 
Under the assumptions of Theorem 1.2, 

sup|^|< sup|5/|. (6.10) 



Kxl 



M J k' 



We deduce from here the required inequality of the theorem. 

Lemma 6.4 For every boundary point z o/B" there is a real straight line 1^ C 
passing through x such that Iz intersects K in an interval Iz of length 

IT I 9 

Proof. Without loss of generality we may assume that z docs not belong to K 
(for otherwise, choose Iz joining z with so that j/^l = 1 > 7). Then as the Iz we 
will take the line passing through z and v^. Considering the real two-dimensional 
plane P containing 0, z and we reduce the question on the bound of \Iz\ to the 



27 



two-dimensional case. Without loss of generality we may assume that P = 
and V* = (1, 0) G R^. In this case Kp := X n P is a convex set defined in polar 
coordinates (r, 0) by the inequalities 

|2sin(0/2)| < 7, |r| < 1. 

Also, we may assume that z belongs to the upper semicircle 5"+ of the unit disk. 
Now, from (6.4) and the inequality 1 < t < 9 we obtain that KpP^Sj^ C {(r, 0) : < 
< 7r/3}. Thus \Iz\ is > the distance from to the line {(r, 0) : sin(0/2) = 7/2} 
that equals sin(2 sin~^(7/2)) := 7 • -v/l — (7/2)2. Ymm here and (6.4) we obtain 



'21n3\^ 9 



> —7. □ 



9e / 10 

Let (x, y) be the boundary point of B" x D such that 

\g{x,y)\ = sup |^|. (6.11) 

According to Lemma 6.4 there is a straight line / C x {y} passing trough {x,y) 
and intersecting K x {y} in the interval / of length > 71. Let l'^ be the complex line 
containing /. We set 

Di := r n (B" x {y}) and D2 := T n (BJ* x {y}). 

We can naturally identify Di and D2 we the disks centered at the point o e T such 
that d := ||o-(0,y)|| := dist{0,l''-{0,y)) of radn n := Vl - and := 
Observe also that tr\ < r2- Thus tDi C where kDi, k > 0, denotes the dilation 
of Di in k times with respect to o. 

Further, by (6.11) we have for ^ := gil^i^: 

Mg{n- o) = M3(.,,)(l) and Mg{tri; o) < Mg{r2; o) < Mg^.,y){t). (6.12) 

Also, the first condition in (1.7) implies easily that 

M,(.,,)(i)<e^-M,(.,,)(l). (6.13) 

By the definition the interval / of length > 71 is contained in Di. Assuming 
without loss of generality that g is nonconstant, we apply to the triple g, Di, tDi 
Theorem 3.2 with H := 7i/4t. According to this theorem in the disk Di outside the 
union of a finite number of disks with the sum of radii < (7iri)/2 we have 

where 

ivt+ir+i8ivi+irin{^) 
'^^^ ■ 
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Since ri < 1 and |/| > 71, the union of such disks cannot cover /. In particular, 
there is a point a e / at which inequahty (6.14) holds. Now, from this inequality 
and (6.11), (6.12), (6.13), (6.10) we obtain 

sup \g\ < e<^^^ sup \g\ < e<"^^ M,,(l). (6.15) 



Observe that 



'iOeH^ /^ max{t,ln(l/M)} \ "'^'^ 
{Vt- l)lnt J 



"^('^=2(mF' {t-iy • 

Also, recall that 

50(v/i + l) 18(v/t + 1)^ + 81 In (jgj) 

'^■W-7F3T)^. <=^W- ^r:ij3 • 

We consider two cases: 

(1) If max{i,ln(l/M)} = t, then (because 1/M > t'^) 

40eH^/H ^ 40e\Vi+l)Vt _ 4e^ t-J. Ci(t)t3/^ ^ 



(Vi-l)lni~ M(t-l)lni 5 Uni M 

4e^ ^ ci(t)t3/^ 6ci(t)t3/^ 

(We used that the function t 1— t > 1, is decreasing.) 
Also, since ci{t) > e, for 1 < i < 9 we have 

gai(t)+l < (^^(^)^3/2^)ai(t)+l ^ (ci(t)t3/2) 

Combining together these inequalities we get in this case 

C2(t) 



(6.16) 



.>..,^^y", ,,,, 



(2) Assume now that max{t, ln(l/M)} = ln(l/M). Then we obtain as before 

40e^t3/^max{t,ln(l/M)} _ le^ ^ t-1 c,{t)t'/' ^ 

{Vi-l)]nt 5 ^ ' ' \nt M - 

^ t^e-' ^—^ ciit)^'^ ^ 16 Ci(t)t3/2 



tint M ~ 5 M 
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(We used that Mln(l/M) < te"*, because M < e"* < e-^ and that t^e'* < Ae'^.) 
Thus in this case 

Prom (6.15) and (6.17), (6.18) we conclude that 

supH<e-M^ M,,(l), (6.19) 

a2(t)(p+q) 



M,^(t) < ^sup^ 1^1 < e^£up^ < I ^ ] M,,(l) (6.20) 



where 

ai{t) := 6cl(^)^=^/^ a2(t) := 2c2{t). 
This completes the proof of Theorem 1.2. □ 

7. Proof of Theorem 2.3 

Choosing a suitable permutation of coordinates on without loss of generality we 
may assume that ij = j , I < j < k. For a fixed (w2, . . . , Wk) e D3M22 x • • • x I^3Mk2 
from the conditions of the theorem for pq by Theorem 1.2 we have: 

sup \g{z,Wi,W2,. . . ,Wk)\ < sup \g{zJi{z),W2, . . . ,Wk)\ 

sup \g{zJi{z),W2,. . . ,Wk)\ < sup |5((2;, /i(2;), k;2, ■ ■ ■ , Wfc)|. 

Further, for {w^, . . . , Wk) € D3M32 x ■ • ■ x I!>3Mk2 from the conditions of the theorem 
for pi we have by Theorem 1.2 and the previous inequality: 

sup \g{zJi{z),W2,...,Wk)\ < sup \g{zJi{z)j2{z),W3 . . . ,Wk)\ 
sup \g{zji{z)j2{z),ws . . . ,Wk)\ < sup \g{zJi{z)j2{z),W3 . . . ,Wk)\. 



z&Sl 



Continuing this process we finally obtain 

sup \g{z,fi{z),...,fk-i{z),Wk)\ < e*"= sup \g{z, fi{z), . . . , fkiz))\ 

sup \g{zJi{z),...Jk{z))\ < e^'^ sup \g{zji{z),...jk{z))\. 

Combining together all previous inequalities we get the required: 

max \g\ <eP^^-^P''M„Jr) and M„Jtr)<eP''M„Jr). □ 

D^xDMi2X-xDMfc2 
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8. Proof of Theorem 2.5 

8.1. We first prove the theorem for nonpolynomial entire functions on of order 
p < oo. We use the following result established in [L, Theorem 1.16]. 
Suppose that 9{x), a; > > 0, is a positive function with 

\n9ix) 

p = limsup — j < oo. 

s— »oo In X 

Then 9 has a proximate order p{x) with the following properties: 

(i) lim^^oo p{.x) = p; 

(ii) 9{x) < xf^^^ and 9{xj) — xf^^^ for some sequence — > oo; 

(iii) the function ip{^x) slowly increasing, i.e., 

hm ^ = 1 

uniformly on each interval 0<a<A;<6<oo; 

(iv) p{x) is a smooth function satisfying 

lim xp'(x) Inx = 0. 

In fact, condition (iii) follows from condition (iv). Also, if x^'^^^'P is a slowly 
increasing function, then for every e > and every < a < 6 < oo there is Xq such 
that 

(1 - e)kPxP^''^ < {kxY^^''^ < (1 + e)kPxP^''^ (8.1) 

ioi a <k <h and x > xq. 

Now, let / be a nonpolynomial entire function on C" of order p < oo. As before, 
we define 

(f)f{t) -.^mfie*), teR, (8.2) 

where Tnf{r) :— In Mj(r), r > 0. Then 0j is a convex increasing function. In 
particular, 0j is a positive nondecreasing function on M (here 0j is defined before 
the formulation of Theorem 2.8). Let pf be the proximate order of ruf. We define 

:=P/(e*). 

Lemma 8.1 Set 

ap := min{l, ln(l + 1/p)}. 

hm mf — — — — 7 < e + e . 

t-*oo (j)'^{t - 2a p) 



31 



Proof. Assume, on the contrary, that the statement of the lemma is wrong. Then 
there are positive numbers to, a such that for any t >to 

(t)'f{t + ap) + pe'''f^'^ > (e^ + + a)0;^(t - 2ap). (8.3) 

We will assume without loss of generahty that p > 0. (The arguments in the case 
p — are similar.) Then conditions (i) and (iv) in the definition of pf yield 

lim - — ^TTT- — 1- 

t-oo (tpfit))' 

Prom here and (8.3) for sufficiently large to we obtain 

(P'f{t + ap) + 6(e*'^/W)' > (e^ + + a)0'/t - 2ap) 

where b := 1 + ae"^. 

Integrating this inequality from to to t we get 



(l)f{t + ap) - (t>f{to + ap) + 6e*^^W - 6e*°^^(*°) > 
(e^ + + a)(0/(t - 2ap) - 0/(to - 2ap)). 



(8.4) 



Next, by tj :— Inxj, j e N, we denote the sequence from condition (ii) of the 
definition of the proximate order pf. Now, for every e > there is > such that 
for all t >te we have from (8.1) 

(1 _ £)g3papg(t-2a;p)p/(t-2a;p) ^ ^{t+ap)pf{t+ap) < (l -)- £)g3papg(t-2a;p)p/(t-2a;p) 

(8.5) 

(^l — ejg2papg(t-2ap)p/(t-2ap) ^ gtp/(t) < (1 + £)g2papg(«-2ap)p/(«-2ap)_ 

Moreover, according to condition (ii) for pf, 

(t)f{t) < e'Pf^'\ (Pf{tj) = e'^Pf^'i\ 
Prom here and inequalities (8.5) for all j > je we obtain 

Using (8.5), (8.6) and condition (iii) for pf we derive from (8.4) with t :— tj + 2ap 

+ + a < 

, (j)f(t. + 3ap) -(j)f(to + a.) + 5e(*^+2'^'')'^/fe+2°'') - 6e*o^/(*o) 

lim mf — — — , , ^ ^ = ,^ 

j^^ cPfitj) - (t>f{to - 2ap) (8.7) 

hminf + , . < e^""" + ^e^'^"" < + + ae'^ 



This gives a contradiction. □ 
As a corollary we obtain 
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Proposition 8.2 There is a sequence {r-j} C M+ convergent to oo such that 



m/(e "-pfj) — m/(e '^"'pfj/A) — 1 



< 83, 



pf(.fj) 



< — , j e N. 

mf{e~°'pfj) — mf{e~'^°'pfj/A) — 1 ap 

Here ai{t) is defined in (1.12). 

Proof. As the fj we will take e*^ where {sj} C M+ is such that 

(t>'f{sj + ap) + \n{ai{e"'')) / ap ^ ^3 ^ ^2 ^ -^y-^g 



(t)'f{sj - 2ap) - 1/ap 

<e^ + e^ + l/10, j'eN. 



(8.8) 



Observe that 0j(t) tends to 00 as t ^ 00. (For otherwise, rrifir) < yllnr so that / 
is a polynomial.) Thus such a sequence exists by Lemma 8.1. 
Since the function 0'^ is nondecreasing from (8.8) we get 

mf{e°'pfj) — mf{e~'^"''fj) + ln(ai(e°'')) 
mf{e~"pfj) — mf{e~'^°'pfj) — 1 

(PjiSj + CXp) - QjiSj - -lap) + hi(«i(r:"^")) 



< 



{ap)(p'f{sj - 2ap) - 1 
Similarly, 



(t>i{sj - ap) - (t)f{sj - 2ap) - 1 

< 3(e^ + e^ + l/10) < 83. 



(8.9) 



(3ap)0j(sj- + ap) + ln(ai(e"'')) ,3 2 



< : ^ < 



m/(e °'pfj)—mf{e ^"'prj/A) — 1 {ap)(j)'^{sj — 2ap) — 1 
+ 6^ + 1/10 2i 



(8.10) 



< — . □ 



ap ap 



Now, let us prove the theorem in the case p < 00. 

For the sequence {fj} satisfying Proposition 8.2 we have, see (1.4) and the defi- 
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nition of ctp, 



Set 



In8 + 7r2 + (5ap)/2 + 21n(V^+ 1) + 21n(p+ l/(e- 1)) ^' ^ 

mf{e^"''fj) — mf{e~^°'''fj) — 1 
17 + 21n(p+l) ■ 

mf{e~°'prj) — mf{e^^°'prj) — 1 i'q o^ 

''^■^^9(v/i+l)2(p2 + i)(i7 + 21n(p+l))' ^^-^^^ 



Then using inequality (3.9) we obtain 

Also, according to Proposition 8.2 we have 

mf{e°'pfj) - mf{e''^ffj) + ln(ai(e"'')) < c{p)nj, i e N, (8.14) 

where 

c(p) := 747(V^+l)2(p2 + i)(i7 + 21n(p + l)) < c(p + 1)^(1 + ln(p + 1)) (8.15) 

for an absolute constant c > 0. 

Observe that rij — oo as j — > oo because / is not a polynomial. In addition, we 
have the following statement. 

Proposition 8.3 For all sufficiently large j the inequality 

holds for an absolute constant ^4 > and some sequences {ej}, {e'j} C M+ convergent 
to 0. Here := min{l,p}. 

(In the case p = we assume that the right-hand side is oo.) 

Proof. According to formula (8.12) and the definition of the order p, for all suffi- 
ciently large j the inequality 

83m,(r,) 83^^ 
c{p) - c{p) 

holds for some sequences {e^}, {ej} C M+ convergent to 0. This proves the left-hand 
side inequality of the proposition. 
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Further, according to Proposition 8.2 and definitions of c(p), ap and p/ we liave 

for an absolute constant A> ^ and a sequence {e^} C IR+ convergent to 0. □ 

Suppose now that g G J-'p^q{r-j;e;Mf{efj)) with p < nj. Then incquahty (8.13) 
imphes that g satisfies conditions of Theorem 1.2 with r = fj, t = e"''. From this 
theorem we obtain, see (1.12), 

sup In \g\ < a2(e"'')(p + g)(lnai(e°'') +mf{e"''fj) - mf{e~"''rj)) + In MgArj), 

lnMg^{e'^''fj) < a2{e'^''){p + q)Onai{e'^'') + mf{e'^''fj) - m/(e~''''fj)) + InMg^(fj). 
Estimating 02(6"'') by (1.12) from here, (8.14) and (8.15) we deduce that 

sup 1^ I < e^(^)"^ "^^^P'^^M {rj), 
' (8.16) 

where C{p) = C{p + 1)*'(1 + ln(p + 1))^ for an absolute constant C > 0. 

Finally, as the sequence {r^} of the theorem we will take {^} where {fj} satisfies 
Propositions 8.2 and 8.3. Then by the Hadamard three circle inequality, see section 
3.1, we have 



where 

Cp:=^<c(p + 1)^(1 + ln(p+l))2 



for and absolute constant c > 0. 

From here, the first inequality (8.16) and the results of sections 3.1, 3.3, see also 
Remark 2.1, we obtain straightforwardly the required inequalities of the theorem for 
p < 00. Observe also, that if p > 0, then Proposition 8.3 imphes that 

iT-i < < - — n,- 
^ ' e\pj ^ 

for an absolute constant A > and sequences {e'y}, {e^ } C M+ convergent to 0. This 
gives the inequalities of statements (1) and (2) of the theorem. 
Thus the proof of the theorem for p < 00 is complete. 

8.2. Let us prove now the theorem for p = 00. For t > to with a sufficiently 
large to we set 
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The function ipf is decreasing and differentiable outside a countable set 5* C M and 
its derivative ip'f is continuous outside S and has discontinuities of the first kind at 
the points of S. We extend ■0/ to -S" in the same way as we extended (f)'f. Then we 
have 



^ 0/(t)(ln0(t))2 

Lemma 8.4 



hminf(-t'V'fW) = 0- 



t— »0O 

Proof. Since the order of / is oo, there are sequences {tj}, {aj} C M+ convergent 
to oo such that 

ln0/(tj) > ajtj, j e N. 

This imphes 

i^fitj) < — , J £ N, where ej := — >• oo as j — > oo. (8.18) 

tj aj 

Assume, on the contrary, that there is some a > such that 

hminf(-iVf(i)) > a. 

Then there is > to such that 

-ijj'fit) > 4 for all te[t^,oo). (8.19) 
Integrating this inequality from t > to oo we get 

^f{t)>^, te[t„oo). (8.20) 
Prom here and (8.18) we obtain for all sufficiently large j, 

a contradiction. □ 

According to this lemma there is a sequence {vj} C 1R+ convergent to oo such 
that 

lim vUUvj) = (8.21) 

j— »oo ■' ■' 

and ip'f is continuous at each vj. 

For each sufficiently large j by Sj > we denote a number such that 

"^f^'^^ - e. (8.22) 



M'^j - 2s j) 

Since 0/ is an increasing function and 0^ is a positive nondecreasing function, from 
(8.22) we obtain 
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Hence, 
Set 

Sj := imn{sj, 1}, j G N. (8.24) 

Using the inequality ln(l/s) < ^ — 2, s > 0, from (8.23) we have for all sufficiently 
large j (for which, in particular, ln0/(i>j) > 0) 

< ^ < 2^2^ ( ^ ^ J = 2 V2i(-^K-.))^/^. (8.25) 

From here and (8.21) we obtain that there is a sequence {cj} C R+ convergent 
to such that for all sufficiently large j 

ln0^(?) - ^' ^^^i^^^^^^^^' J. - (^/(e'^'))^ ■ (8-26) 

Next, we set 

tj := fj := e^'^^''^ j e N, (8.27) 

and apply Theorem 1.2 to / defined on ^tjf.- 

According to this theorem for every function g e ^p,qif3i ^fi^j^j)) with p < 
In ^-^^^^ ^fi^jj tj) sufficiently large j we have 

sup \g\ < (ai(i,)M^(i,f,))"^^*^^^"-'^^M,^(^.); 
' (8.28) 

(Wc used here that Mf{fj/tj) > 1 for all sufficiently large j because tj < e and {fj} 
tends to cxo.) 

Further, according to formulas (1.12), (8.26) we have 
, , 300(^6+ l)e=^/2 3552 

^ (X - 1)^ - ^ - ^^^^^^-^^-^^ ' 

36(x/e + l)2 + 1621nf 4042 + 2592 In 



20567 + 2592 In (i) 20567 



4 - 5f 



<^^< 20567 (m/(i,f,))^.- 



(We used that In x < x — 1 for x > 0.) 
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Thus from (8.28), (8.29) we obtain for all sufficiently large j 



(8.30) 



[ mIM ) - 41134- (m^t/,)) max{p,g}. 

Let us estimate from below the expression In ^-^^^^ Nf{fj,tj). 

Lemma 8.5 There is a sequence {5j} C R+ convergent to such that for all suffi- 
ciently large j 

Proof. Using (3.9) we obtain 

1 < < ^(4±1)! < 64(.,^^^^^^^^^ (8.31) 



Also, for all sufficiently large j by (1.4), (1.5), (8.22) we have 

Nfifj, tj) > l"(^/(^'^A^)/(\/^^/(l))) > !%M1. (8.32) 

In turn, for all sufficiently large j, 

k{t„ f,) < In < + 15 + ^ InmAtjf,). (8.33) 

Next, we estimate Infj. 

Since the function (p'f is nondecreasing, 

(^, - to)0/(^,)(ln0/(^,))^ - Mvj)i^^Mvj)r ■ - ^1 ^ ■ ^ 

for some {ij} C M+ convergent to 0. 
Also, 

lim ^^(//fa) - '^/(y ) = 1. (8.35) 

Prom (8.34) and (8.35) for all sufficiently large j and some sequence {e^} C R+ 
convergent to we obtain 

Infj := Vj - Sj < < e'Ahi(i)j{vj)f = e'Alnmf{tjfj)f. (8.36) 
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Hence, for all sufficiently large j 

3k{tj,fj)<e';{\nmf{tjrj)f 

for some {e^'} C IR+ convergent to 0. 

Prom here, (8.32) and (8.31) we obtain for all sufficiently large j 

for some {Sj} C convergent to 0. □ 
We set 

nj := (mfitjfj))'-'^ (8.37) 

with {Sj} satisfying Lemma 8.5. 

Then from (8.30) we get for every g e ^va^v ^f^fj)) with p < 

sup \g\< e^'T' -^{f '«>M3^ (f,) , 

^ (8.38) 

M,,(t,f,)<e^"'^--{^'^>M,,(f,)- 



for some {ej} convergent to 0. 
Pinally, we define 



Observe that J-'p^g{erj;e;Mf{e'^rj)) C J-'p^q{fj;tj; Mf(tjfj)), because tj < e. Then by 
the Hadamard three circle inequality, see section 3.1, using the estimate for 1/ Intj, 
see (8.26), we have for all sufficiently large j and g e Tp^q{erj] e; Mf{e'^rj)), p < rij, 

Mgfirj) - Mg^{tjrj/e) " 1^ M,,(f,) " 

for some {e^} C M_|_ convergent to 0. 

From here, the first inequality (8.38), definition (8.37) and the results of sections 
3.1, 3.3, see also Remark 2.1, we obtain straightforwardly the required inequalities 
of the theorem for p = oo. 

The proof of Theorem 2.5 is complete. □ 



9. Proofs of Theorem 2.8 and Corollary 2.10 

9.1. Proof of Theorem 2.8. 

(1) Assume that an entire function / on C" of order p < oo satisfies 

mf(e°'''r) — mfie'^Pr) + pe'^^ , ,^ ^ , 

limsup ■'^ , ' — ^^^^ — — — < ^ < oo (9.1) 
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where ap := min{l,ln(l + 1/p)}. 

Then for a sufficiently large tq and all r > ro we have 

mf{e"''r) — mf{e~°'''r) + ln(ai(e"'')) ^ 
mf{e~°'pr) — mf{e~'^^pr) — 1 ' 

^ < A. 



(9.2) 



mf{e~°'pr) — mf{e~^"pr) — 1 

Similarly to the definition of rij in section 8.1, see (8.12), we determine 

, mf(e^"'pr) — mf(e~^°'Pr) — 1 

'-"•)- 9(v;+W+1)(17 + 2Kp+1)) - 

Then 

MO<ln(\^)iV/(r,e"'')- (9-4) 

Also, according to (9.2) 

mf{e'^''r) - mf{e-'^''r) + ln(ai(e'*'')) < Ac{p)k{r), r > Tq, (9.5) 

where c(p) := 9(^6 + l)2(p^ + 1)(17 + 2 ln(p + 1)). 

Further, as in the proof of Proposition 8.3, using the definition of the order p, 
by (9.2) we obtain for a sufficiently large Tq and all r > Tq, 

(A;(r))^/^''+^'(")) < r < (^y^ {k{r)y/p, (9.6) 

for some c depending on A; here p^, := min{l, p} and e' : [ro, oo) ^ is a continuous 
function decreasing to as r — >^ oo. 

As in section 8.1 inequalities (9.4), (9.5), (9.6) imply the fulffilment of Theorem 
2.5 for functions g e Tp^q{er; e; Mf{e'^r)) with p < k{r) in which rij is substituted for 
k{r), r > ro, rj is substituted for r > ro, ej is substituted for and e'j is substituted 
for e'(r). The constants in these inequalities depend on A and p only. 

Finally, observe that the continuous function k{r), r > ro, is positive nonde- 
creasing, tending to oo as r — > oo (because / is not a polynomial). In particular, 
we can determine its right inverse by the formula 

r(/) := inf{s : k{s) = /}, / > k{ro) := k^. (9.7) 

Thus r : [/cq, oo) [ro, oo) is a continuous increasing function tending to oo as 
k oo and such that k o r = id. Substituting in the obtained inequalities and 
inequality (9.6) k instead of k{r) and r{k) instead of r we obtain the required state- 
ments of Theorem 2.8 for p < oo. 

(2) Assume now that 4>f{t) :— mf{e*) satisfies 

lim ].\ = 0. (9.8) 
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For each sufficiently large f e M by s(t') e M+ we denote a number such that 

Since 0/ is a continuous increasing function, 

i.e., s{v) is a continuous in v function. 
Then similarly to (8.23) we obtain 

1 2ed'{v) ^ ^ 



s{v) (j)f{v) 

Prom here arguing as in section 8.2 and using (9.8) for s{v) :— min{s(^;), 1} we get 

^ <(mf(e^)y-^, v>Vo, (9.10) 



s[v 



where e(f ) is a positive continuous function in v tending to as v — > oo and G IR 
is sufficiently large. 

Next, we determine continuous in v functions 

t{v) -.^ e'^''\ f(^;) := e"-^». 

Then as in section 8.2 we obtain 

\nr{v) < e'{v)[\nmf{t{v)f{v))]'^, v > Vq, (9.11) 

where e'{v) is a positive continuous function in v such that lim^^oo ^'(v) — 0. Also, 
in this case instead of Lemma 8.5 by similar arguments we deduce that 



In i±M Nf{f{v),t{v)) > {mf{t{v)f{v))y-^^''^ =: k{v), v > vo, (9.12) 




for some positive continuous function 5{v) tending to as v — > oo. Diminishing, if 
necessary, 1 — 5{v) we can assume that this function is increasing. In particular, the 
function k{v), v > vq, is increasing because t{v)r{v) = e" . 

From inequalities (9.10), (9.11), (9.12) arguing as in section 8.2 we obtain in- 
equalities for g G J^p^q{f{v)-,t{y)-, Mf{t{v)f{v))) with p < k{v), v > Vq, similar to 
(8.38) in which rij is substituted for (A;(v))^+^*^") for some continuous nonnegative 
function e{v), tending to as v — > oo. As before, these inequalities give rise to in- 
equalities of Theorem 2.5 with p = oo in which n^^*^^ is substituted for (A;(i>))^+^("\ 
V > Vo, for some continuous nonnegative function e{v) tending to as — > oo, and 
Vj is substituted for ^^'"^^J-'"^ ;= e"~'^, v > vq. 
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Finally, we write in the latter inequalities k instead of k{v). Then since the 
function k has a continuous increasing inverse s, instead of v and e^~^ we obtain 
continuous increasing functions s{k) and r{k) :— e^^^'>~'^, k > ko :— k{vo). This gives 
the required statements of the theorem (with tq := r{ko)). □ 

9.3. Proof of Corollary 2.10. Inequality r(/) < 2 follows directly from Theorem 
2.5 (c) applied to restrictions to the graph of / of polynomials g of degrees [nj\ . (In 
this case g e Tp^q(erj; e; Mf{e^rj)) with p — q — [nj\ < rij, j e N.) 
Now, let us prove the lower bound for r(/). 

By the definition the dimension of the space Vk,n+i of holomorphic polynomials 
of degree k on C"+^ is dk,n+i ■= ''^n+mi ■ Hence, 

lim ^ = ^-i— (9.13) 
fe-^oo (n + 1)! ^ ^ 

Let 

oo 

be the Taylor series of / at 0. Here a — (ai, . . . , e Z" and := z"'^ ■ ■ ■ 
The number of coefficients of the series at monomials of degrees < pk : 
is dpi^^n- In particular, 

lim = - f9 14) 

fe^oo (n + 2)n\ ^ ' 



_fei+iA, 

(71+2)1/" 



Comparing (9.13) and (9.14) we conclude that there is /cq € N such that for each 
k > ko we have < (ife,„+i. Thus for each k > ko there is e Pfc,n+i such that 
the Taylor series of gf{z) :— g{z, f{z)) has the form 

oo 

gA^)- E [9fW^ zee-. (9.15) 

Ol=Pk + l 

(Indeed, the linear map tt : Vk,n+i 'Ppk,m ^{9) '■— SaLob/la-^") has a nonzero 
kernel because c?p^,„ < dk^n+i-) Also, since / is not a polynomial, gf ^ 0. 
Let / e be a complex line passing through such that 

sup 1^/1 =Mg (1). 

Let us identify / with C. Then for the holomorphic function h :— gf\i on C by (9.15) 
we deduce that the function 

is holomorphic and M^(l) = M^(l) ^ 0. This imphes 

M„(I) = M,a)<M,(e)<^^,^. 
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From here we have, see (2.22), 

mk{ej) > Pfc + 1- 

Therefore 

hminf "!^^,^'/'^ > hminf f ^ = -. , > 0. 

fe-»oo A;i+V" ~ fe-*oo yt^+V" (n + 2)i/" 

This shows that r(/) >l + l/n. □ 
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